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Abstract In many real-time computing environments, there are some tasks that are time-critical while
others are not. To ensure that every critical task can be completed before its deadline, it is necessary to reject
some non-critical tasks to entry into the ready queue. We address this problem in the framework of controller
synthesis. Our goal is to come up with an admission controller which admits or rejects a task request. With
such a controller, no admitted tasks will miss their deadline and the admitted patterns of task releases satisfy
a quality-of-service constraint in the form of a linear time temporal logic specification. We prove that it is
decidable to determine if such an admission controller exists. Furthermore, if the answer is positive, it is

possible to effectively construct a controller in the form of a finite timed controller.
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1 Introduction

In real-time systems, it is important to schedule
tasks so that all time-critical tasks are completed
before their deadlines. Classical schedulability
analysis techniques' make strong assumptions
about the temporal arrival patterns of the tasks. To
overcome this limitation, a model was suggested
in Fersman et al’s report™ (hereafter Fersman’s
report for brevity), where timed automata are used
to describe task arrival patterns. It was shown that,
in a uniprocessor setting, one can decide whether all
tasks can be scheduled to meet their deadlines when
the task arrivals are described by a timed automaton.
As surveyed in Stigge’s report™, this model is the
most expressive among existing graph-based real-
time task models. Any existing task model can be
represented in the timed automata based task model
of Fersman’s report®.

In many real-time settings, the task arrival
patterns will be such that some tasks will miss their
deadlines. One method, as noted in Liu’s report™,
to deal with this is to subject each new task instance
to an acceptance test and admit it if the new ready
queue resulting from adding this task instance is still
schedulable. Such an approach is not satisfactory
because a critical task may fail to get into the ready
queue. Hence it is useful to consider designing more
flexible admission policies.

In this paper, we study this problem from the
perspective of controller synthesis. Using a timed
automaton, we model the real-time setting as an
open system. This open system, called a plant in this
context, will have environment states from which the
environment can make uncontrollable timed moves

to release tasks. Each such uncontrollable action,

leading to a system state, will then be immediately
followed by an urgent pair of controllable actions:
one of them, admitting the just released task instance
and putting it into the ready queue and the other one
rejecting it. We study the problem of constructing
a strategy for choosing the controllable actions so
that the admitted task instances, no matter what the
environment does, can all be scheduled without
missing their deadlines. A trivially safe policy would
be to reject all task instances. To prevent this, we
also require that the admitted sequences of plant
transitions should satisfy an LTL (Linear Time
Temporal Logic) specification that will typically
demand some liveness and fairness properties.

We note that our framework is expressive enough
to distinguish between hard real-time tasks—by
specifying they must always be admitted—and
soft tasks. Further, we can impose QoS (Quality of
Service) requirements on the soft tasks by specifying
fairness requirements such as:*Along any run, if
(the soft task) 7 is released infinitely often, then =
must also be admitted infinitely often”. For ease of
presentation, however, we do not impose a syntactic
distinction between hard and soft tasks.

As in Fersman’s report®, we assume a uni-
processor computing resource for the sake of
convenience. The EDF (Earliest Deadline First)
scheduling policy with preemption is known to be
optimal in this setting™. In other words, if a task set
is schedulable at all, then it is schedulable under EDF
with preemption. Hence we assume this scheduling
policy. We then find that, in this setting, given a
plant in the form of a timed automaton and an LTL
specification, one can effectively determine whether
there is a winning strategy for admitting tasks so
that all admitted tasks are schedulable and all the
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runs permitted by the strategy meet the given LTL
specification. We also find that whenever there is a
winning strategy, there is in fact a winning strategy
which can be synthesized as a finite timed automaton
called the admission controller. Consequently,
the controlled behavior obtained via the parallel
composition of the plant and the controller will
admit only schedulable ready queues and satisfy the
LTL specification.

Our work may be viewed as an extension to an
open system framework of the results reported in
Fersman’s report®?. As discussed already, the current
setting has a natural motivation and it is a pleasing
fact that techniques from the controller synthesis
domain and timed-automata-based schedulability
analysis techniques can be combined in a natural
manner to solve the synthesis problem at hand. In
the literature, a number of studies™® are available
regarding controller synthesis in a timed setting.
The key motivation of these studies is to extend
classical controller synthesis results for discrete

1912 to a timed setting. In comparison,

event systems
though we use the language and techniques of (timed)
controller synthesis, our motivation is very different.
In the present setting, our admission controller will
not have any clock variables of its own. It will be
interesting to endow the controller with its own
clocks and granularity and study our controller
synthesis problem along the lines of timed control™,

A second related line of work is to derive a
schedule for a real-time application, given the
timed model of the application and a set of resource
constraints™* in fact carrying out the work using
the controller synthesis paradigm. However, the
emphasis in this line of work is to restrict the timed
behaviors of the application so as to meet, in a

timely fashion, access to shared resources. It will
be interesting to extend our work along this line, to
multi-processor settings accompanied by resource
access protocols for shared resources.

A recent trend in real-time systems is the
scheduling of real-time tasks in mixed-criticality
frameworks. The key characteristics is, instead of
one fixed computation time, a task can be associated
with several worst-case execution times, each
corresponding to an estimate at a different critical
level. A comprehensive review of work in this
area can be found in Burns’ report®®. It will be
worthwhile to extend our synthesis results to the
scheduling of mixed-criticality tasks.

In section 2, we formulate our plant model and
define its operational semantics. In section 3, we
specify the admission controller synthesis problem
and state the our main result. The proof of the main
result is presented in section 4 and the prospects
for extending the current work is discussed in the
concluding section 5.

2 Theplant model

We first recall that a timed automaton 4, is a
structure (Q,q,,X,Z,—) where Q is a finite set of
locations and ¢,€ Q is the initial location; X is a
finite set of clocks and X is a finite set of events.
> cOXP(X)XEX2¥ X0 is the transition
relation. Here @(X) is the set of clock constraints
over X. A clock constraint over X is a finite
conjunction of basic constraints of the form x <c,
x—y=<c where x,yEX,cEN, < E{<,<,> =}, As
usual N is the set of natural numbers. In what
follows, R, and R, denote the set of non-negative
reals and positive reals, respectively. The difference
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constraints x—y < ¢ will be needed later to capture
the behavior of the ready queue.

A clock valuation V over X is a function X — R . For
t€R,, V+tis the clock valuation (V+1)(x)=V (x)+1¢
for x€X. ForY < X, V[Y :=0]is the clock valuation
which maps every clock in Y to zero and agrees
with V on other clocks. The notation V' = ¢ means V
satisfies the clock constraint ¢ and is defined in the
obvious way. The timed behavior of A is given by the
transition system 75 ,=[RC, (¢,.V,), Ry X2, =]
where RC, and =, are the least sets satisfying the
following: (1) (gq,,V,)€RC,, where V,(x)=0 for
every clock variable x; and (2) if (¢,7)€RC, and

¢.a,Y

there exists (¢ — ¢') and t€R , such that V+tF ¢,
ta

then (¢,V)=, (¢,V') and (¢',V')€RC,, where

V'=WV-+[Y :=0].

It is well-known™ that we can take a quotient of
TS , in the form of a finite transition system, called
the region automaton RG, of A. For x€X, let c,
be the maximum constant which appears in basic
constraints (of transition guards of) A of the form
x=<c, where cEN,<E{<,<,>,2}. Two clock
valuations V, V' are region-equivalent, denoted
V~V", iff the following hold:

(1) For each x€.X, either | V(x) |=| V'(x) |<c,
or V(x)>c_,V'(x)>c,. Further, in the former case,
fra[V(x)]:O iff fra[V’(x)]:O, where fra(v) is the
fractional part of v;

(2) For each x, ye X such that V (x)<c_, V'(x)<c,,
and V(y)<c,.V'(»)<c,, we have fra[V(x)]<
fra[V(y)] iff fra[V'(x)]<fra[V'(y)];

(3) For every basic constraint &=x—y < ¢ which
appears in (transition guards of) A, V = Qiff V' E 6.

A clock region is an equivalence class of clock
valuations. A region is a pair (g,7), where g€ Q and r is

a clock region. We have RG ,=[RR ,(qo.[V, 1), .~ ]
where RR, and ~~, are the least sets satisfying the
following:

(1) (Qo-l"sDERR;

(2) If (¢,[V])ERR , and there exists
(4.7)>.1(¢'.1V}]) where /;€[V], then (q'.V/DE AR,
and (g.[V]) ("1} )

21 Themode

Next we recall how task arrival patterns in a real time
environment can be modeled using timed automata
as proposed in Fersman’s report”. The basic idea is
to associate a task with each location. Whenever a
location is entered, an instance of the task associated
with the location is supposed to be released. Here,
it will be convenient to associate tasks with the
transitions rather than with the locations. We also
wish to highlight that we are dealing with an open
system model—called a plant in this context—of
task arrival patterns on which an admission control
policy can be imposed. Formally, we define a plant
P to be a structure (Q,,0.,4,,2,C,D, X,—>,,—,),
where:

(1) Q. and Q, are disjoint finite nonempty sets of
environment states and system states, respectively.

(2) g,€ O, is the initial state.

(3) £2 is a finite set of task types. The functions C,
D: 2 — N associate with each task type a computation
time and a relative deadline, respectively. Further,
for each 7€ 2, 0<C(7)<D(7).

(4) X is a finite set of clocks.

(5) >, O, XD(X)XN2X2" X, is a set of
environment transitions. For each system state ¢', there
exists a unique environment state g and a unique
environment transition of the form (¢ w—’;’:q’).

(6) >, <0, X{0,1} XQ, is a set of system
transitions. For each system state ¢', there exists a
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unique environment state q and exactly two system
transitions of the form (¢’ —>3 g)and (¢’ —>3 q)-

From now on, we fix a plant p defined above.
Informally, the plant model consists of a timed
automaton whose events are interpreted as tasks,
in case they are associated with environment
transitions. For system transitions, we allow only
the events {0, 1} which will be used to capture the
decisions made by the controller. The semantics of
the plant will implicitly impose a zero-delay on the
system states. In other words, as soon as a system
state is entered, the controller will make the decision
to either accept the task that has just been released
by the environment, this is captured by the 1-labeled
transition going out of the system state. On the other
hand, the O-labeled transition going out of a system
state models the decision to reject the just released
task. We could have assigned a special clock variable
to capture the immediacy of these transitions, but
we have not done so for convenience. As mentioned
above, the decision as to whether a just released
task is to be admitted or not is made as soon as the
task is released by the environment. Thus system
moves come in pairs and each such pair is uniquely
associated with an environment move. Further, the
environment is oblivious to the admission policy
being followed by the system. This explains the
restrictions placed on the structure of the transitions.
In what follows, we shall often denote both —, and
—,as —. An example of a plant is shown in Fig. 1.
2.2 Theready queue states
The semantics of P is to be understood with respect
to a scheduling policy. Here we work with the simple
framework consisting of a single processor. The
scheduling policy we shall assume is EDF (Earliest
Deadline First) with preemption. At any given

Fig.1 Asimple plant
time, the task that is executing on the processor is
the one with earliest relative deadline among all
the tasks currently in the ready queue. Whenever a
fresh task ¢’ arrives, if its relative deadline is less
than the (current) relative deadline of the currently
executing task z, then 7 is preempted, placed back in
the ready queue (at the head of the queue actually)
and " will start executing. Thus the state of the plant
will consist of the current location, the values of
the clocks associated with plant and the state of the
ready queue. This motivates the following definition.

A ready queue 77 over 2 is a finite sequence
o,---0, where, for i=l,---,n, 6/=(z,,¢;,d,), with
1,€0,c,dER, ;<C(1;),d,;<D(z;). Intuitively,
o, is a task instance at position i of type z; with
remaining computation time c¢; and remaining
relative deadline d;. We assume the convention that
o, is the head of the queue. The empty queue is
denoted by e.

The order in which the task instances appear in the
queue reflects the order in which these task instances
will be scheduled. If the queue is non-empty, the task
instance at the head of queue is currently supposed to
be executing. When time passes, both the remaining
computation time (c;) and the relative deadline (d,)
of the task at the head of queue will decrease while
just the relative deadlines of the remaining tasks
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will decrease. When the task at the head of queue
finishes, it will leave the ready queue and the task
behind it will be promoted to the head of queue and
will start executing. A fresh task instance, when
admitted will be inserted into the ready queue at the
appropriate slot as dictated by the relative deadline
of this instance and the current relative deadlines of
the task instances in the queue.

The way in which the state of the ready queue
changes due to passage of time (and the execution
of tasks) is modeled by the function Comp. This
function takes a queue 77 and a time duration t as
inputs and returns a queue 7’ resulting from computing
the tasks in 7 for t time units on the processor
and is defined as follows. Firstly, Comp(¢,t)=¢.
Next suppose 7= o, --0, where o, =(t;,c;,d;) for
I<i<n. If t<c¢,, then Comp(77,/)=7', where n'=
oloy---o) with o=7,¢—t,d—t) and o=
(t,, ¢, d—1t)for1<i=n.

If 1=c, then Comp(7,#)=Comp(7’, t—c,) where

77’: O-{Gé e 6,

n—1

with o=(r,,,¢c.,d..,—c,) for
I<isn—L

The way in which a task that has just been
admitted inserted into the ready queue is captured
by the function Sch, which takes as inputs a ready
queue 77 and a task instance J, and returns a ready
queue 77",

Let n=(z,,¢c,,d,)--(7,.c,.d,) be a ready queue,
where d, <---<d,, and let J=(z,C(),D(z)) be a task
instance. Then Sch(r,J)= 7', where n'=(z,,c,,d, }--
<Tk,l,ck,l,dk,1><T,C(T),D(T)><rk,ck,dk>--~<rn,cn,dn>
with k being the least index such that D(z)<<d, .
Clearly this reflects the EDF policy.

A queue n=(z,,c,,d,)--(z,,c,,d ) is schedulable
iff i0i<dm for 1ISm<wn. That is, assuming that

i=1
no fresh task instances are inserted into the ready

gueue, each task instance currently residing in the
ready queue can be scheduled (according to EDF)
and run to completion before its current deadline
expires. In what follows, all non-schedulable queues
will be identified with the single designated (non-
schedulable) queue named Err. The functions Comp
and Sch are extended in the obvious way to reflect
this convention.

2.3 Theplant semantics

The semantics of the plant P is defined by a transition
system 7S,=(RC},{(q,.V,.&,#),ACT,, =), where
ACT,=(R | X 2)U{0,1jU{err}; RC, is the set of
(reachable) configurations; =, are the least sets
satisfying the following:

(1) (90Vor &, HERC;

(2) Suppose {g,V,1,#)E RC,, and q;o_,;,:q’. If there
exists t€ R, such that '+t ¢, then (¢".V", 7", J)E
RC, and (q,V,?],#)gﬂq',V’,f]’,J), where V'=

(V+0)[Y :=0], n'=Comp(n,t), J=(z,C(7),D());

(3) Suppose (q,V,n,J)YERC, ancf) q—oxv q'. Then
(¢ V., n,#ERC, and (q,V,n,Jy=»{q,V.,n,#);

(4) Suppose (q,V,n,J)ERC, and q—l>sq'. If
Sch(n,J)=n'#Err, then (q¢.V,n,#)ERC, and
(q,V,n,J>:l>p<q',V,77',#>. If Sch(n,J)=Err, then
Err€RC, and(q.V.,n,J) :1>7> Err;

(5) Err ;73 Err.

Configurations of the form (q,V,n,3) are called
environment configurations where # is a special
symbol, while those of the form (¢,V,n,J) are called
system configurations. The sets of environment
configurations and system configurations are
denoted RC;, and RC, respectively. Note that Err is
neither an environment configuration nor a system
configuration. Intuitively, 7S, is the game graph of
a real-time system where the environment triggers
tasks in an uncontrollable manner, while the system
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admits or rejects them in a controllable way. Note
that we require environment moves to consume
a nonzero amount of time and system moves to
consume no time.

In what follows, we shall often omit the
subscript P. For a configuration o, we define
Act(o)={aE ACTI EIo",O'—a>o"}. That is, Act(o)
is the set of possible actions that can be taken at
configuration o. Note that Act(o) c R X2, if o is
an environment configuration, Act(c)={0,1}; if o is
a system configuration, Act(Err)={err}.

Without loss of generality, we shall assume that the
plant has no dead configuration, that is, Act(c)#=J
for c€ RC . Given the restrictions on the structure
of the plant transitions, we can uniquely recover a
sequence of plant transitions from each sequence
of transitions of TS with the help of the projection
operator Prip. Let 6=((q.V,n.4).(t,7).{¢".V". 7, J))
be an environment transition in TS. Then clearly, there
IS a unique transition ﬂz(qw—’::q') in P such that
V=tE @,V'=W+1)[Y :=0]. In this case, we define
Prj, (8)=p. For a system move 6=((g,V,n,J),m,
(V"0 ) in TS, we define Prj, (8)=(q—>« ¢'). For
the special move §=(Err, err, Err), we define Prj, (5)=
6. Using the operator Prj,, it is clear that we can
uniquely associate a sequence of transitions of the
plant with each transition sequence of TS (modulo
the handling of the err moves).

3 Theadmission controller synthesis
problem

The plant P is said to be schedulable iff Err& RC.
That is, no task will ever miss its deadline, even if
we never reject any task. It is proved in Fersman’s
report®—in a related closed system setting—that

one can effectively determine if P is schedulable,
under the preemptive EDF policy for a single
processor.

Here we consider plants which may not be
schedulable and study the problem of designing an
admission policy under which the restricted behavior
of the plant becomes schedulable. Clearly, one
can trivially achieve schedulability by constantly
rejecting all arrived tasks. To rule out this, we
shall assume that we are also given a liveness
specification. Here we shall assume that LTL is the
chosen specification language. In order to formulate
this, we fix a finite set of atomic propositions
AP and a labeling function 1:7R, 2", where
TR,=—,U—_. The target state of both 0 and
1 transitions coming out of a system state is the
same. To capture liveness properties, we need to
get the admission decisions made by the system
during a run. Hence we assign atomic propositions
to transitions than to states. From now on, we shall
assume our plant model to be augmented with AP
and a labeling function A as specified above.

The set of LTL formulas based on AP is as usual
given by the syntax with p ranging over AP:

LTL(4P)::=p| ~y | yNy'| Ow)| v Uy’

Let TR be the set of transitions of TS, that is, = .
Using the operator Prj, we extend A to TRs. By
abuse of notation, this extension will also be
denoted as 4 and it is given by: A(8)=A[Prj(J)]
for every O0€TR,. By convention, we will set
A((Err,err,Err))=0. Let =,/ be an infinite
sequence of transitions of TS. Set y(i)=/, for each
natural number i. The notion of the LTL formula
v being satisfied at S(i), denoted y,iFw, is
defined in the standard way. For instance, y,iF p
iff p€A[x(i)]. We shall say that y is a model of v,
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and denote thisas y Fy , iff y, 0Fw.

We are now ready to define the notion of a
strategy. Define the set of (finite) runs of TS, denoted
Runs, to be the least subset of TR}, satisfying:
firstly, €€ Runs and the end state of ¢ is (g,,V,,&,$);
secondly, let o€ Runs and the end state of p be o. If
there exists 0=(o,a,6"YE TR, then p6E Runs and
the end state of pd is o’. In what follows, We denote

N

the end state of a run p by end(p).

A strategy f for the plant P is a function
£ Runs — 2°°T, which satisfies the following
conditions. These conditions are stated for a
run p whose end state is o: If c€ERC”, then
DFf(p) < Act(o)={0,1}; If o€ RC°U{Err}, then
f(p)=Act(0).

Thus a strategy recommends a set of moves at
the end state of each run. The moves recommended
are a subset of the moves enabled at the end state
and at least one move is recommended. In this sense
a strategy is, by definition, non-blocking. Note
that a strategy does not restrict the moves of the
environment in any way.

Let f be a strategy. The notion of a finite run p
being according to f is defined inductively. ¢ is
according to f. Next suppose p is a run according to
fand o=end(p). If aEf(p) and 6=(o,a,0")E TR,
then pod is a run according to f. Infinite runs, and the
notion of infinite runs according to a strategy, are
defined in the obvious way.

We say f is safe iff Err does not appear in any run
according to f. Given an LTL specification i, we will
say that the strategy f is w-winning iff the following
conditions are satisfied: firstly, fis safe; secondly, if
P=0,0, -+ is any infinite run of TRg according to f,
then p is a model of .

The admission controller synthesis problem is to

determine, given a plant P and an LTL specification
v, whether or not there exists a y-winning strategy.
Our main result can now be stated.

Theorem 1 There is a uniform decision procedure
using which one can determine for each pair (P,y)
whether or not there exists a -winning strategy.

Moreover, whenever a y-winning strategy exists,
one can effectively realize a w-winning strategy
as a finite timed automaton C, so that the parallel
composition of P and C produces only non-blocking
safe runs of the plant each of which is a model of y.

4 Themain result

Our goal here is to prove Theorem 1. The proof is
based on two ideas. Firstly, as shown in Fersman’s
report'”, we can associate clock variables with
the ready queue and capture its dynamics with the
help of a mildly extended timed automaton model
that uses only the queue’s clock variables. The
second idea is that if there is a winning strategy
at all then there is one which respects the regional
equivalence induced by the plant’s and the queue’s
clock variables. Consequently, we can work with
the regional version of TS which will be a finite
transition system RG. Using standard techniques, it
is then easy to reduce the problem of determining
the existence of a winning strategy to the emptiness
problem for a tree automaton B that we can
effectively construct. The automaton B will run over
{T,L}-labeled trees whose underlying tree will be
the computation tree induced by RG. Such a tree will
be accepted by B iff the {T,L}-labeling represents
a winning strategy. This will settle the decidability
problem. Further, due to Rabin’s tree theorem™, in
case the language accepted by B is non-empty, then



3 P.S. Thiagarajan, 4.

ST 55-HE N2 11l 2% 1K) H 3065 AR 9

it in fact accepts a regular {T,L}-labeled tree. This
regular tree can be effectively computed, represented
as a finite structure and this structure can be naturally
viewed as a timed automaton. This automaton will
constitute the admission controller we seek.

4.1 Timed automaton for the ready queue

In this section, we briefly summarize the construction
in Fersman’s report™, a timed automaton extended
with subtraction A} which describes the dynamics
of the ready queue under the preemptive EDF
scheduling policy in a uniprocessor setting. In what
follows, we will often drop the subscript Q.

A timed automaton extended with subtraction
is just an ordinary timed automaton, in which a
constant integer value may be subtracted from
a clock value during a transition. However such
subtractions will not be allowed in arbitrary contexts.
They will be used in a manner which ensures that
no clock value becomes negative via subtraction.
Moreover, a clock value will be subtracted from
only when its value is below the maximum constant
associated with it. Due to these two properties, the
region construction of ordinary timed automata can
also be applied to A"

Observe that a schedulable ready queue contains at
most [ D(z)/ C(r) | instances of each task type 7€ 0.
Let (7, /) denote the j-th instance of r, for j=1,---,
[ D(z)/C(z)]. The function stat, to be associated
with the locations of A" will give the status of each
potential instance (z, j).

The status of an instance can be out (not in the
ready queue), in (released and in the ready queue,
but has not started execution), exec (being executed
by the processor) or pre (started execution but has
been preempted by another instance). The set of
locations of 4" consists of these status functions and

a special location Err,, designated to represent all
non-schedulable ready queues. The initial location is
the status function representing the empty queue &,
denoted &,

The event alphabet is 2U{err,}. An event 7€ YV
signifies the arrival of an instance of Y. The event
err, is a dummy one which is used only for the
special location Err,

For each instance (7, j), two clocks xc(z, j) and
xd(z,j) are used to keep track of its remaining
computation time and remaining relative deadline.
The set X, of all such clocks is the clock set of A",
The clocks evolve as follows.

(1) xd(z,j) is reset to zero when (7, j) is released,
xc(z, j) is reset to zero when it starts execution;

(2) When (7, j) finishes execution (and exits the
ready queue), we subtract C(z) from every xc(o,k)
whose status is pre.

Let 7S, (7S’ for short) be the transition system
associated with A’. From Fersman’s report™”, we
have the following.

Proposition 2 There exists a one-to-one
correspondence = between ready queues and
configurations in 7S " which satisfies:

(1) E(&)=(&o,¥7), where ] (x")=0 for each x'€ X,
and Z(Err)=(Err,,Vy);

(2) Suppose E(1,)=(g,./;) and E(1,)=(g, .V,
let <€R, and J=<r,C(r),D(r)> be a task instance.
Then 17,=Comp(,.,1) iff (¢, V]).t.(q,, V7)) is a
transition of 7S'. Further, n,=Sch(n,,J) iff
(g, V),7,(q, V7)) is a transition of TS,

Hence, from now on, we shall replace the ready
queue component in configurations of TS by the
corresponding configurations in 7.S'. To be specific,
the configuration (¢,V,n,x) of TS will now be
represented as (q,V,q',V', k) where Z(n)=(q',V").
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We define the regional equivalence relation ~ to
be the least equivalence relation on RC

satisfying: suppose o,=(¢,,V;.¢,,V,’,x,), and
0,=~(q,,V,,4,,V3,x,) are configurations of TS.
Then o, ~ o, iff ¢ =q,, ¢/=¢,, K, =K, and the clock

valuations ¥, -7, and ¥, -7, belong to the same clock
region with respect to the clocks in XU X", where
V' -V" denotes the clock valuation over XU X' which
agrees with V on clocks of X and agrees with /' on
clocks of X".

Using the arguments developed in Fersman
et al.®, it is easy to prove the next result.

Proposition 3 The following hold:

(1) Let 0y, 0, be env1ronment configurations of TS
with 0'1 o-2 If01:>o3, then there exists 7€ R | such
that o, :>04 and o, ~ o

(2) Let o,
o, ~ 0,. SUPpPOSE o, :>c73 and 02:>a4, then m=m" iff

1,0, be system conﬁguratlons of TS with

o, ~ 0,
We are now ready to define RG, the regional version
of P. A region of P is an equivalence class of ~ on RC.
We define RG=(RR,[{q,.V,,€0.Vy- )], ACTy5,~>)
where ACT,.=QU{0,1}U{err}. The set of reachable
regions RR and ~- are the least sets satisfying:

) [(qO,VO,EQ,VO,#ﬂERR If [0, ]E RRand o, :>0'2,
then[o,]JERR and [o, ]~»>[0'2]

(2) If [0,]JERR and 0'1;02 where m€{0,1}, then
[0, JERR and [0, ]-~[0 ]

(3) If [Err]E RR, then [Err]~-[Err].

It follows that RR is finite and the construction of
RG is effective. Call a region [&] an environment or
system region according to whether & is in RC® or
RC’. RR® and RR® denote the sets of environment and
system regions, respectively.

4.2 Region-respecting strategies
Set TRy to be ~». We define the set of (finite) runs

of RG, denoted Runsgg, to be the least subset of
TR, satisfying the following. Firstly, £€ Runs,,;
Vs3], Next,
suppose o€ Runs,; and the end state of ¢ is [c]. If
5=([c],b,[c'VETR,., then oSE Runs,, and the
end state of po is[c']. By abuse of notation, we also

and the end state of ¢ is [{(g,.V}, &0,

denote the end state of a run o< Runs,. as end(o).

For a transition 0=(o,a,0')ETR,, we define

7s?
its projection on RG, denoted Prj,;(9), to be
o'=([c],b,[c']), where b= if a=(t,7); and b=a
otherwise. It is clear that 5'€ TR, . Extend Prj,; t0
runs of TS in the obvious way.

We say a strategy f is region respecting iff for
p,p'ERuns, if p and p' are according to f and
Prize(P)=Pris (0, then £(p)=1(p".

The following observation is the key to proving
decidability.

Lemma 4 There exists a y-winning strategy for P,
iff there exists a yw-winning strategy which is region
respecting.

Proof: Suppose f is a w-winning strategy for P. We
inductively construct RE;, a “representative” prefix-
closed subset of Runs(f), the set of (finite) runs of
TS according to f, as follows. Firstly, = RE . Now
suppose pERE, and end(p)=o is an environment
configuration. We will say that [¢'] is a region
successor of o iff there exists o"€[c'] and (7,7)
such that (o,(t,7),0")€TR. Let [o,],[0,],:-.[0}]
be the set of region successors of o. We pick

o/€[o,), o}€[o,], -+, o,€[o,] and (4,,7,) for each

i€{1,2,---,k}, such that 6=(o,(t,7,),0/)E TR, for
each i€{1,2,---,k}. We now let p5,ERE, for each
i€{1,2,---,k}. One may see a need for appealing to

the axiom of choice here. However the choice of

and o, can be made effectively with a bit of work.
Next, suppose pERE, and end(p)=o is a system
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configuration. Then for each mEf(p), pdERE,
where 6=(o,m,c")E TR .

It is clear that RE; is indeed a prefix-closed subset
of Runs(f). Now suppose that p€ Runs. Then from
the construction of RE; , it is easy to see that there is

at most one p'€ RE , such that Prj,. (0)=Prj (p") .
We now define a strategy f as follows. Let

pPERuns and end(p)=oc. If o is a system
configuration and there exists p'€ RE, such that
Prj (2)=Prie(p), then /(p)=/(p"); otherwise,
f(p):Act(a). It is now straightforward to argue
that f iS a region respecting y-winning strategy.

4.3 Decidability

From Lemma 4, it follows that to check if a
yw-winning strategy exists, it suffices to determine if a
w-winning region respecting strategy (“rr-strategy”
for short) exists.

A strategy function is a function g which maps
Runsgg to 2°¢™% such that, if p is in Runsgg with
end(p)=[c]E RR, then g([o)=1{z| I&",[o]~~[o"]}
If []ERR’, then DFg([o]) = {0,1}; If [c]=[Err],
then g ([o])={err}. Clearly, there is a 1-1 correspon-
dence between strategy functions and rr-strategies.
We define the notion of a strategy function being
w-winning in the expected manner. It follows that
there is also a 1-1 correspondence between
w-winning rr-strategies and w-winning strategy
functions.

We can represent strategy functions as labeled
infinite trees and design a tree automaton to
recognize the set of winning rr-strategies. We first
fix some basic terminology, let /™ be a finite set. A
I-tree T is a prefix-closed subset of 77*, elements
of T are nodes with ¢ being the root. The set
of successors of wET, denoted succ,(w), is
{WvE T| vE I'}. An infinite path 7 of T is a subset of

T such that ¢E n and every node in 7 has exactly one
successor in . The direction of a node w, denoted
dir(w), is defined as follows, dir(¢) is a special
element $ that is not in /. For wwE T, where v& I,
define dir(wv)=v. Let T be a finite alphabet of
labels. A >-labeled /-tree is a pair(7’, x) , where T is
a ["-tree and u is a function 71— 3.

A strategy tree is a {T,L}-labeled TRgs-tree of
the form (Runs,,,u) satisfying: (1) u(s)=T, and
(2) let pERuns,,; . If end(p)E RR°U{Err}, then for
every successor p' of p, u(p")=T. If end(p)ERR’,
then wu(p")=T for at least one successor p' of p.

Clearly, there is a 1-1 correspondence between
strategy trees and strategy functions. We now wish to
construct a non-deterministic Buchi tree automaton
which will run over {T,1}-labeled TRgs-tree of the
form (Runs,,u). It will accept such a tree iff it
is a strategy tree that corresponds to a w-winning
strategy function.

In what follows, we set ¥={T, 1} and assume
basic background concerning tree automata®”. The
tree automaton we wish to construct will of the form
B=(S,S,,,Z,A,F), where S is a finite set of states
and S, < S, the set of initial states and F < S, the
set of accepting states viewed as a Blichi acceptance
condition. The transition relation A will be a subset
of U SXEXS* where n is the maximum out-
deg’i’:ele of the states of RG. We will assume the set of
transitions of RG (that is TRyg) to be an ordered set.

It will be convenient to view B as the intersection
of three non-deterministic Biichi tree automata B, 5,
and B,. The automaton 3 will check if the X-labeled
Rge-tree is running over a strategy tree. B, will
check if the strategy represented is safe and B, will
check if every infinite run according to the strategy

represented is a model of y.



12 £

5 N 2017 4

Let B=(S,,S/",%,A,,F). A state in S, will be of
the form (dir, md, Ib) with dire{$}U TR, ., giving the
direction from which the node that the automaton is
currently visiting was arrived at. The component mde
{acc, rej} (“accept”, “reject”) will specify the current
mode of the automaton, and Ib€X will specify the
label the automaton expects the node it is visiting
to have. S/" will be a singleton with the member
($,acc, T). Now suppose s=({[o],b,[c']),md,Ib) is a
state, where {5,,5,,---,6,} is the set of transitions in
TRy whose first component is [¢”]. Then each move
in A, whose first component is s will be of the form
(s,ﬁ),sl,sz,---,sk). Moreover, the first component
of each s; will be 6. A typical move will be
[(8,acc, T), L, (8,,1e}, T),(5,,1e), T), -+, (8, rej, T)],
where the automaton has guessed that the label on the
node is visiting to be T, but the actual label it reads is
L. On this node, it will enter the rej mode and guess
T (this is irrelevant actually) and propagate a copy to
all the successor nodes. Once it enters the rej mode,
it will just keep propagating this mode. Naturally,
F={(dir,md,Ib)E S;| md=acc}. Another typical
move is [(é‘,acc,T),T,(é‘o,acc,J_),(é'l,acc,T)] with
6=([c],b,[c"]) and [o"] being a system region. In
this case, there will be exactly two successor nodes
and along the “0-direction”, the automaton guesses a
label 1 and along the “1-direction” the label T. If the
end state of the current node is an environment state
(or [Err]), then the automaton will guess uniquely all
the successor nodes to have the label T. On the other
hand, if the end state of the current node is an system
state, then it could guess that only the “O-successor”
node has label T, or that only the “1-successor” node
has label T or that both have labels T signifying that
the strategy is at this stage non-deterministic.

The automaton 5, will have a similar structure. It

will also start in an accepting mode and ensure that
along T-paths (i.e. a path in which every node is
labeled with T), no node is encountered whose end
state is the region [Err].

It is well-known®* that the LTL-formula v can be
represented as a non-deterministic Blichi automaton
B, running over w-strings over the alphabet 2*”. The
third tree automaton 53, we construct will simulate 3,
along T-paths and accept—using the accepting states
of B,—iff every T-path (more precisely, its induced
LTL-model) is a model of y.

The detailed definitions of 5, B,, B, are tedious
but straightforward and we omit them due to lack of
space. The required tree automaton B is the intersec-
tion of B, B,, B,. Clearly, the language of Z-labeled
trees of the form (Runsgg, 1) accepted by B is non-
empty iff there is a w-winning rr-strategy and this
settles the first part of Theorem 1.

As for the second part, assume that there exists
a w-winning strategy. Then by Lemma 4, there is a
w-winning rr-strategy. Hence the language accepted
by B is non-empty. By Rabin’s tree theorem™, B
accepts a regular tree of the form (Runsgg, x) which
can then be effectively represented as a finite state
transition system C. This transition system can be
viewed as a timed automaton. Each location will be
a node of (Runsgg, «) and it will be accompanied by
a labeling function &. The initial location will be &
with £(&)=[(q,,V,.€0.V,. 3], whereas to all other
locations & will assign a transition of RG of the form
([o],a,[c']). From the region [c'], we can recover a
clock constraint & over the clocks XU X"and view
it as the clock invariant associated with the location.
To be precise, we must introduce an extra clock x to
ensure that the system states are urgent.

We convert each edge (/,/") of C to a transition as
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follows. Let &(/'y=6"=([c],b,[c']). If [c'IERR",
then there exists a unique transition 6"=(q,@,a,Y,q")E
TR, such that Prj(6)=0" for every 6§€ TR, with
Prj,.(0)=0o'. Hence we convert (/,/') to
(I,true,a,YU{x},1"). If [6']ERR’, then we convert
(1,1 to (1,x=0,b,2,1"). 1t is not difficult to show that
the parallel composition of P and C produces only
safe runs which are models of .

According to Vardi’s report®, the complexity of
emptiness testing of B is O(|S). We have | S |=
O(|RR [ X| Y | X 200D )24 Again, it is not difficult
to see that | RR | ZO{NP X N X 20t 1eetkell 5 9d }[2”.
Where N, is the number of locations of the plant; N,
is the number of locations of the queue automaton
A'; k is the total number of clock variables; ¢ is
the largest constant appearing across all the clock
constraints and d is the total number of difference
constraints.

5 Conclusion

We have formulated here a timed open system model
to describe task arrival patterns and have studied
the problem of synthesizing admission controllers
that guarantee schedulability while meeting an LTL
specification. Our work can be extended in a number
of ways. One can consider using branching time
requirements based on CTL or CTL". Since Lemma
4 will still go through, one can use the techniques
developed in Kupferman’s report® to solve the
resulting admission controller synthesis problems.

In the present paper, we have assumed that our
controller has read-only access to the clocks of the
plant (and the clocks of the queue automaton). This is
a justifiable assumption since the plant model merely

describes the expected task arrival patterns and this

information can be assumed to be available to the
controller as well. Nevertheless, it will be worth
exploring settings where the controller is endowed
with its own clocks with pre-specified granularities.
It will be equally interesting to study controllers
that can interact with the ready queue, so that tasks
can be rejected after they have been admitted to the
ready queue. It will also be worthwhile considering
settings with multi-processors, shared resources, and
mixed-criticality tasks.

In summary, using the controller synthesis
paradigm to design admission policies in real time
tasking environments promises to be a fruitful
approach.
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