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Abstract Several of the top ranked supercomputers are based on the hybrid architecture consisting of a large number of
CPUs and GPUs. High performance has been obtained for problems with special structures, such as FFT-based imaging
processing or N-body based particle calculations. However, for the class of problems described by partial differential
equations (PDEs) discretized by finite difference (or other mesh based methods such as finite element) methods, obtaining
even reasonably good performance on a CPU/GPU cluster is still a challenge. In this paper, we propose and test an hybrid
algorithm which matches the architecture of the cluster. The scalability of the approach is implemented by a domain
decomposition method, and the GPU performance is realized by using a smoothed aggregation based algebraic multigrid
method. Incomplete factorization, which performs beautifully on CPU but poorly on GPU, is completely avoided in the
approach. Numerical experiments are carried out by using up to 32 CPU/GPUs for solving PDE problems discretized by

FDM with up to 32 millions unknowns.
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Preconditioned CG for Ar=4
Ly =b—Ax,,z,= M5, py = 2,
2.do j=0,1,...until convergence
3a,=(r,2)(Ap,, p,)
dx,,=x,+a,p,
Sr=r—a,dp,
6.z, = M’lrﬁ,
1B, =2, (75 2,)
82m=2m+Bp,
9.end do
Horpix R4 ERIURME, M ESchwarz 4T

ALCPU/GPUN —Xf CPURZ MIGPUR YL &5 np hyiX
LS H o RS R QR ) Eap N FE S
TR, S I XRT A 1 DX ) A
8 AN SR IAR R, WA Qs k=1,2,np, H—A
MPLHERE 43 it 22— %FCPU/GPU.  JNPESchwarz Fil 4% 1
TUO S R i B2 R, Hodh Re MRY 43 3
s BRI T FE A 5 1
it 2
Additive Schwarz : z <— A5(r)
1.For k=1,2,...,np

Restriction : 7, = &, 7

Solve the subdomain problem z, = 5,'7,
End for

.
2.Interpolation : z < Z Rl7,
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Smoothed Aggregation: z; = AMG(x,d;)

0. If on the coarsest level, then:
Solve Cyx; = d; by direct LU, else:
1. Apply u steps of smoothing to Cix = d; of the form
T (Tlcl):l) + Tid;
where T} is an approximate inverse of C|
2. Coarse grid correction:
(a). Set dip1 = (Il41)" (di — Cz;) and 2141 = 0
(b). Solve the coarse problem Bit12i41 = dit1
by v applications of zi+1 = AMGry1(Ti41,di4+1)
(c). Then correct the solution on the level
by z1 « x4+ Il 2041
3. Apply u steps of smoothing to Cjxz = d; of the form
T (TlCl)x + Tid;
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&1 Jacobi)t 8 H F#1Chebyshev® IR X iBH F RIS Hik
i, M™1&8193X4097, np=32, KF[EHF

Jacobi smoother Polynomial smoother
Sweeps Iter TSolve|| Degree Iter TSolve
1 249 26.687 - - -

2 242 28.175 2 306 36.719
3 241 29.579 3 316 39.557
4 240 31.631 4 304 39.489
5 236 33.267 5 285 39.517
6 230 34.093 6 283 40.399
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Overlap Iter TSolve
0 185 25.85
1 188 26.92
2 191 27.71
3 177 26.53
4 161 24.46
5 153 23.78
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Local solver

ICC(3)(CPUL) SA-AMG(CPU/GPU)
Mesh np Iter TSolve Iter TData TSove
513X513 16 150 0.290 59 0.011 0.615
10251025 16 260 1.961 82 0.050 1.454
2049 X 2049 16 467 13.755 104 0.199 6.826
4097 X 4097 16 814 94918 132 0.940 18.890
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Local solver

ICC(3)(CPU) SA-AMG(CPU/GPU)
Mesh np Iter TSolve Eff. Iter TSolve Eff.
2049X2049 4 497 56.33 - 98 12.09 -
4097 X2049 8 645 72.84 T7% 159 18.40 66%
4097 X4097 16 814 94.92 59% 132 18.89 64%
8193 X4097 32 1214 144.33 39% 188 26.92 45%
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